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We prove that any weak solution (u,b) of three-dimensional
incompressible Magneto-hydrodynamics equations is regular if
u ∈ L∞(0, T ; L3(R3)) and b ∈ L∞(0, T ;VMO−1(R3)). The proof is
based on the blow-up analysis and backward uniqueness for the
parabolic operator developed by Escauriaza–Seregin–Šverák.
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1. Introduction
We consider the 3-D incompressible Magneto-hydrodynamics (MHD) equations:
{ut − νu + u · ∇u = −∇p + b · ∇b,
bt − ηb + u · ∇b = b · ∇u,
∇ · u = ∇ · b = 0.
(1.1)
Here u, b describe the ﬂuid velocity ﬁeld and the magnetic ﬁeld respectively, p is a scalar pressure,
ν > 0 is the kinematic viscosity, η > 0 is the magnetic diffusivity. If ν = η = 0, (1.1) is so-called the
ideal MHD equations. In the absence of the magnetic ﬁeld, (1.1) becomes the incompressible Navier–
Stokes equations. We take ν = η = 1 for the simplicity of notation throughout this paper.
The global existence of weak solution and local existence of strong solution to the MHD equa-
tions (1.1) were proved by Duvaut and Lions [6]. The same as the incompressible Navier–Stokes
equations, the regularity and uniqueness of weak solutions remains a challenging open problem. We
refer to [15] for some mathematical questions related to the MHD equations.
It is well known that if the weak solution of the Navier–Stokes equations satisﬁes the Ladyzhen-
skaya–Prodi–Serrin condition
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q
+ 3
p
 1, p  3,
then it is regular on (0, T ) × R3. Note that the limiting case L∞(0, T ; L3(R3)) does not fall into the
framework of energy method, which was proved by Escauriaza, Seregin and Šverák [7]. Wu [18,19]
extended Ladyzhenskaya–Prodi–Serrin type criterions to the MHD equations in terms of both the
velocity ﬁeld u and the magnetic ﬁeld b, see [12] for the limiting case L∞(0, T ; L3(R3)). However,
some numerical experiments seem to indicate that the velocity ﬁeld should play a more important
role than the magnetic ﬁeld in the regularity theory of solutions to the MHD equations [13]. Recently,
He and Xin [8] and Zhou [22] have presented some regularity criterions to the MHD equations in
terms of the velocity ﬁeld only. Chen, Miao and Zhang [3,4] extend and improve their results as
follows: if the weak solution of the MHD equations (1.1) satisﬁes
u ∈ Lq(0, T ; Bsp,∞) with 2q + 3p = 1+ s, 31+ s < p ∞, −1< s 1,
then it is regular on (0, T ) × R3. Here Bsp,∞ is the Besov space. We refer to [2,9,17,20,21,23] and
references therein for more relevant results. However, whether the condition on b can be removed
remains unknown in the limiting case (i.e., (p,q, s) = (3,∞,0)). The following theorem will give
a partial answer to this question.
Theorem 1.1. Let (u,b) be a weak solution of the MHD equations (1.1). Assume that u ∈ L∞(−1,0; L3(R3)),
and
b ∈ L∞(−1,0;BMO−1(R3)) and b(t) ∈ VMO−1(R3) for t ∈ (−1,0].
Then (u,b) is Hölder continuous on R3 × (−1,0].
Recall that a local integrable function f (x) ∈ BMO(Rn) if it satisﬁes
‖ f ‖BMO ≡ sup
R>0, x0∈Rn
1
|BR(x0)|
∫
BR (x0)
∣∣ f (x)− f BR (x0)∣∣dx.
A remarkable property of BMO function is
sup
R>0, x0∈Rn
1
|BR(x0)|
∫
BR (x0)
∣∣ f (x)− f BR (x0)∣∣q dx< ∞
for any 1  q < ∞, if the left hand side is ﬁnite for some q. Moreover, f (x) ∈ VMO(Rn) if f (x) ∈
BMO(Rn) and for any x0 ∈Rn ,
limsup
R↓0
1
|BR(x0)|
∫
BR (x0)
∣∣ f (x)− f BR (x0)∣∣dx = 0.
We say that a function u ∈ BMO−1(Rn) if there exist U j ∈ BMO(Rn) such that u = ∑nj=1 ∂ jU j , and
VMO−1(Rn) is deﬁned similarly.
Remark 1.2. Due to the inclusion relation: L3(R3)  VMO−1(R3) [10], this result is an improvement
of that given by Mahalov, Nicolaenko and Shilkin [12].
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in VMO−1(R3) has no decay at inﬁnity, which ensures that the solution is smooth outside a big ball
centered at origin so that the backward uniqueness theorem can be applied. Our key observation is
that if u ∈ L3(R3 × (−1,0)), we have∫
Q 1(z0)
∣∣u(x, t)∣∣3 dxdt → 0 as |z0| → ∞,
from which we can deduce that the scaled quantity
r−2
∫
Qr(z0)
|u|3 + |b|3 + |p| 32 dxdt
is small for some r > 0 and |z0| 
 1. Then the regularity of the solution outside a big ball centered at
origin follows from the classical small energy regularity theorem.
2. Preliminaries
Let us ﬁrst introduce the deﬁnitions of weak solution and suitable weak solution.
Deﬁnition 2.1. Let T > 0 and Ω ⊂R3. We say that (u,b) is a weak solution of the MHD equations (1.1)
in ΩT = Ω × (−T ,0) if
(a) (u,b) ∈ L∞(−T ,0; L2(Ω)) ∩ L2(−T ,0; H10(Ω));
(b) (u,b) satisﬁes Eqs. (1.1) in D′(ΩT );
(c) (u,b) satisﬁes the energy inequality: for a.e. t ∈ [−T ,0]
∥∥u(t)∥∥2L2 + ∥∥b(t)∥∥2L2 + 2
t∫
0
∥∥∇u(s)∥∥2L2 + ∥∥∇b(s)∥∥2L2 ds ‖u0‖2L2 + ‖b0‖2L2 ;
We say that (u,b, p) is a suitable weak solution if (c) is replaced by
(d) p ∈ L 32 (ΩT ) and the following local energy inequality holds: for a.e. t ∈ [−T ,0]
∫
Ω
(∣∣u(x, t)∣∣2 + ∣∣b(x, t)∣∣2)φ dx+ 2
t∫
−T
∫
Ω
(|∇u|2 + |∇b|2)φ dxds

t∫
−T
∫
Ω
[(|u|2 + |b|2)(φ + ∂sφ)+ u · ∇φ(|u|2 + |b|2 + 2p)− (b · u)(b · ∇φ)]dxds,
for any nonnegative φ ∈ C∞c (R3 × R) vanishing in a neighborhood of the parabolic boundary
of ΩT .
Remark 2.2. In general, we don’t know whether the weak solution is suitable. However, this is true if
(u,b) ∈ L4(ΩT ).
We deﬁne a solution (u,b) to be regular at z0 = (x0, t0) if (u,b) ∈ L∞(Qr(z0)) with Qr(z0) =
(−r2 + t0, t0) × Br(x0), and Br(x0) is a ball of radius r centered at x0. We also denote Qr by Qr(0)
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deﬁned by
‖u‖qLp,q(Qr(z0)) :=
t0∫
t0−r2
( ∫
Br(x0)
∣∣u(x, t)∣∣p dx)
q
p
dt.
The following small energy regularity result is well known, see [8,12]. Similar result was proved
by Lin [11] for the Navier–Stokes equations.
Proposition 2.3. Assume that (u,b, p) is a suitable weak solution of (1.1) in Q 1(z0). There exists an absolute
constant ε > 0 such that if
r−2
∫
Qr(z0)
|u|3 + |b|3 + |p| 32 dxdt  ε
for some r > 0, then (u,b) is regular at the point z0 .
We also need the small energy regularity result in terms of the velocity proved by the authors [17].
Proposition 2.4. Assume that (u,b, p) is a suitable weak solution of (1.1) in Q 1(z0). There exists an absolute
constant ε > 0 such that if u ∈ Lp,q near z0 and
limsup
r→0+
r−(
3
p + 2q −1)‖u‖Lp,q(Qr(z0)) < ε, (2.1)
with p, q satisfying 1  3/p + 2/q  2, 1  q  ∞ and (p,q) = (∞,1). Then (u,b) is regular at the
point z0 .
The following is a weak-strong uniqueness result.
Proposition 2.5. Let (u,b) be a weak solution of (1.1) in R3 × (0, T ). Assume that the initial data (u0,b0) ∈
L3(R3). Then there exists a positive constant τ such that (u,b) ∈ C([0, τ ]; L3(R3)). Especially, (u,b) is smooth
in (0, τ )×R3 .
Next we introduce some notations. Let (u, p,b) be a solution of (1.1) and introduce the following
scaling:
uλ(x, t) = λu(λx, λ2t), bλ(x, t) = λb(λx, λ2t), pλ(x, t) = λ2p(λx, λ2t), (2.2)
for any λ > 0, then the family (uλ,bλ, pλ) is also a solution of (1.1). For z0 = (x0, t0), we deﬁne some
invariant quantities under the scaling (2.2):
A(u, r, z0) = sup
−r2+t0t<t0
r−1
∫
Br(x0)
∣∣u(y, t)∣∣2 dy, A(b, r, z0) = sup
−r2+t0t<t0
r−1
∫
Br(x0)
∣∣b(y, t)∣∣2 dy,
C(u, r, z0) = r−2
∫
Q (z )
∣∣u(y, s)∣∣3 dy ds, C(b, r, z0) = r−2
∫
Q (z )
∣∣b(y, s)∣∣3 dy ds,
r 0 r 0
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∫
Qr(z0)
∣∣∇u(y, s)∣∣2 dy ds, E(b, r, z0) = r−1
∫
Qr(z0)
∣∣∇b(y, s)∣∣2 dy ds,
K (u, r, z0) = r−3
∫
Qr(z0)
∣∣u(y, s)∣∣2 dy ds, K (b, r, z0) = r−3
∫
Qr(z0)
∣∣b(y, s)∣∣2 dy ds,
D(p, r, z0) = r−2
∫
Qr(z0)
∣∣p(y, s)∣∣ 32 dy ds.
Moreover,
A(u,b; r, z0) = sup
−r2+t0t<t0
r−1
∫
Br(x0)
∣∣u(y, t)∣∣2 + ∣∣b(y, t)∣∣2 dy,
A
(
u, r, (0,0)
)= A(u, r), A(u,b; r, (0,0))= A(u,b; r)
and so on.
3. Some technical lemmas
Throughout this section, we denote by c a constant independent of r, ρ and different from line to
line.
Lemma 3.1. Let (u,b) be a weak solution of (1.1) in R3 × (−1,0). Assume that,
‖u‖L∞(−1,0;L3) + ‖b‖L∞(−1,0;BMO−1)  C0.
Then for any 0< r < 1/2,
A(u,b; r, z0)+ E(u,b; r, z0)+ D(p, r, z0) c
(
C0,C(b,1/2, z0), D(p,1/2, z0)
)
,
for any z0 = (x0, t0) ∈R3 × [− 12 ,0].
Proof. Due to Lemma 6.5 in [16], we have
‖b‖4L4 = ‖bb‖2L2  c‖∇b‖2L2‖b‖2BMO−1 ,
which gives b ∈ L4(−1,0; L4(R3)), thus there exists a pressure p such that (u,b, p) is a suitable weak
solution of (1.1).
Without loss of generality, we consider z0 = (0,0). Let ζ(x, t) be a smooth function with ζ ≡ 1
in Qr and ζ = 0 in Q c2r . Since b ∈ L∞(−1,0;BMO−1(R3)), there exists U (x, t) ∈ L∞(−1,0;BMO(R3))
such that b = ∇ · U . By Hölder inequality, we have
r−2
∫
Q 2r
|b|3ζ 2 dxdt = r−2
∫
Q 2r
3∑
j=1
∂ jU j · b|b|ζ 2 dxdt
 6r−2
∫
Q
|U − UB2r |
(|∇b||b| + |b|2|∇ζ |)dxdt2r
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( ∫
Q 2r
|U − UB2r |6 dxdt
)1/6( ∫
Q 2r
|∇b|2 dxdt
)1/2( ∫
Q 2r
|b|3 dxdt
)1/3
+ 12r−3
( ∫
Q 2r
|U − UB2r |3 dxdt
)1/3( ∫
Q 2r
|b|3 dxdt
)2/3
,
which implies that
C(b, r) c
(
E(b,2r)1/2C(b,2r)1/3 + C(b,2r)2/3). (3.1)
Since (u,b, p) is a suitable weak solution, for any 0< r  ρ < 1/2,
A(u,b; r)+ E(u,b; r)
 c
(
K (u,b;2r)+ C(u,2r)+ C(u,2r) 13 D(p,2r) 23 + C(u,2r) 13 C(b,2r) 23 ), (3.2)
and for the pressure term,
D(p, r) c
((
r
ρ
)
D(p,ρ) +
(
ρ
r
)2
C(u,b;ρ)
)
. (3.3)
Similar computations can be found in [14].
Let r = θρ with θ  14 . Then it follows from (3.1)–(3.3) that
C(b, r) c
(
1+ C(b,4r)2/3 + C(b,4r)5/6 + C(b,4r)1/2D(p,4r)1/3)
 c
(
1+ C(b,4r)2/3 + C(b,4r)5/6 + θ1/3C(b,4r)1/2D(p,ρ)1/3
+ θ−2/3C(b,4r)1/3C(b,ρ)1/3)

(
ηC(b,ρ) + θ(D(p,ρ)5/6 + C(b,ρ)))+ c(η, θ),
for any η > 0. Here we used
K (u,b;2r) c(1+ C(b,2r)) 23 .
Set F (r) = C(b, r)+ D(p, r)5/6. We get by (3.3) again that
F (r) 2(η + cθ)F (ρ) + c(η, θ).
Choose η and θ small enough such that (η + cθ) < 1/4, and by a standard iteration argument we
infer that
F (r) cF (1/2)+ c,
for all 0< r < 1/2. This proves the lemma. 
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ρ−
2
3 ‖u‖L3,3(Qρ(z0))  σ .
Then we have
K (b, r, z0) c
(
ρ
r
)3
σ 2
(
A(b,ρ, z0)+ E(b,ρ, z0)
)+ c( r
ρ
)2
K (b,ρ, z0),
where 0< 4r <ρ and c is a constant independent of ρ , r and σ .
Proof. Without loss of generality, we consider z0 = (0,0). Let ζ be a cutoff function, which vanishes
outside of Qρ and is 1 in Qρ/2. Set b = bˆ + b˜, where
(∂t −)bˆi = −∂ j
(
(u jbi − uib j)ζ 2
)
,
(∂t −)b˜ = 0 in Qρ/2.
Hence, bˆ satisﬁes
bˆi(x, t) = −
0∫
−ρ2
ds
∫
Bρ
∂ jΓ (x− y, t − s)
[
(u jbi − uib j)ζ 2
]
dy,
where Γ (x, t) is the heat kernel. By Young’s inequality, we have
( ∫
Bρ
|bˆ|2 dy
)1/2

0∫
−ρ2
( ∫
B2ρ
∣∣∇Γ (·, t − s)∣∣α dy)1/α( ∫
Bρ
∣∣u(·, s)∣∣3 dy)1/3( ∫
Bρ
∣∣b(·, s)∣∣p dy)1/p ds,
where 12 = 1α + 13 + 1p − 1. And using Young’s inequality again, we get
‖bˆ‖L2(Qρ)  c‖∇Γ ‖Lα,β (Q 2ρ)‖u‖L3(Qρ)‖b‖Lp,q(Qρ),
where 12 = 1β + 13 + 1q − 1. Now we choose α = 97 , β = 1, p = 187 and q = 6 so that 3α + 2β = 133
and
‖∇Γ ‖Lα,β (Q 2ρ)  cρ
3
α + 2β −4  cρ1/3.
Then by Sobolev’s interpolation inequality from [1], we get
K (bˆ,ρ) cσ 2
(
A(b,ρ)+ E(b,ρ)).
On the other hand, since b˜ satisﬁes the heat equation, we have
K (b˜, r) c
(
r
ρ
)2
K (b˜,ρ).
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K (b, r) K (bˆ, r) + K (b˜, r)
 c
(
ρ
r
)3
K (bˆ,ρ/2) + c
(
r
ρ
)2
K (b˜,ρ/2)
 c
(
ρ
r
)3
σ 2
(
A(b,ρ)+ E(b,ρ))+ c( r
ρ
)2
K (b,ρ).
The proof is ﬁnished. 
Lemma 3.3. Let (u, p,b) be a suitable weak solution of (1.1) in R3 × (−2,0). Assume that u ∈ L3(R3 ×
(−2,0)) and C(u,b; r, z0)+ D(p,1, z0) C0 for 0< r < 1 and z0 ∈R3 × (−1,0]. Then there exists R0 > 0
such that when |x| > R0 and −1< t < 0, u(x, t) is regular and uniformly bounded.
Proof. Due to C(u,b; r, z0) C0, using the local energy inequality, we can get by a standard iterative
argument that (see also the proof of Lemma 3.1)
A(u,b; r, z0)+ E(u,b; r, z0)+ D(p, r, z0) c(C0) for 0< r < 1. (3.4)
Since u ∈ L3(R3 × (−2,0)), for z0 = (x0, t0) with −1< t0 < 0,∫
Q 1(z0)
|u|3dz → 0 as |x0| → ∞.
Hence, there exists R0 > 0 such that
∫
Q 1(z0)
|u|3dz δ for |x0| R0, where δ is to be chosen. Applying
Lemma 3.2 with r = θ and ρ = 1 to get
K (b, θ, z0) cθ−3δ2/3
(
A(b,1, z0)+ E(b,1, z0)
)+ cθ2K (b,1, z0) cθ−3δ2/3 + cθ2.
This together with (3.4) gives by Sobolev’s interpolation inequality that
C(b, θ, z0) c
(
θ−5/3
∫
Q θ (z0)
|b| 103 dz
)3/4(
θ−3
∫
Q θ (z0)
|b|2dz
)1/4
 cK (b, θ, z0)1/4  cθ−3/4δ1/6 + cθ1/2.
Choosing r = θγ and ρ = θ in (3.3), by (3.4) we get
D(p, θγ , z0) cγ D(p, θ, z0)+ γ−2C(u,b; θ, z0)
 cγ + γ−2(θ−2δ + cθ−3/4δ1/6 + cθ1/2).
Consequently,
D(p, θγ , z0)+ C(u,b; θγ , z0)
 cγ + γ−2[θ−2δ + cθ−3/4δ1/6 + cθ1/2]+ cθ−3/4δ1/6γ−2 + cθ1/2γ−2 + δθ−2γ−2
 cγ + cθ1/2γ−2 + c[γ−2θ−2δ + γ−2θ−3/4δ1/6].
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c[γ−2θ−2δ + γ−2θ−3/4δ1/6]  ε/3. Then by Proposition 2.3, we have |u(z0)|  c uniformly for
|z0| > R0. 
4. Proof of Theorem 1.1
Following [7], the proof of Theorem 1.1 is based on the blow-up analysis and unique continuation
theorem. By the assumption of Theorem 1.1, we have
‖u‖L∞(−1,0;L3) + ‖b‖L∞(−1,0;BMO−1)  C0.
Using re-scaling argument, it is enough to prove that the point (0,0) is regular. Since (u,b, p) is
a suitable weak solution, there is a constant C0 such that C(b,1) + D(p,1) C0. Assume that (0,0)
is not a regular point. Then by Proposition 2.4, there exists Rk ↓ 0 such that
R−2k
∫
Q Rk
|u|3 dxdt > ε. (4.1)
We denote
uk(y, s) = Rku
(
Rk y, R
2
k s
)
, bk(y, s) = Rkb
(
Rk y, R
2
k s
)
, pk(y, s) = R2k p
(
Rk y, R
2
k s
)
,
where (y, s) ∈R3 × (− 1
R2k
,0). Then it follows from Lemma 3.1 that for any a > 0 with aRk  1/2,
a−2
∫
Qa
∣∣uk∣∣3 dy = (aRk)−2
∫
QaRk
|u|3 dx c, (4.2)
a−2
∫
Qa
∣∣bk∣∣3 dy = (aRk)−2
∫
QaRk
|b|3 dx c, (4.3)
a−2
∫
Qa
∣∣pk∣∣3/2 dy = (aRk)−2
∫
QaRk
|p|3/2 dx c. (4.4)
Here c is a constant depending only on C0. Since (uk, pk) is still a suitable weak solution, we infer
from the local energy inequality and (4.2)–(4.4) that for any a > 0 and T < 1
R2k
,
∥∥uk∥∥L∞,2((−T ,0)×Ba) + ∥∥bk∥∥L∞,2((−T ,0)×Ba)
+ ∥∥∇uk∥∥L2((−T ,0)×Ba) + ∥∥∇bk∥∥L2((−T ,0)×Ba)  c(a, T ). (4.5)
Hence, uk · ∇uk,uk · ∇bk,bk · ∇uk,bk · ∇bk ∈ L9/8x L3/2t (Qa). This gives by the linear Stokes theory [7]
that
∣∣∂tuk∣∣+ ∣∣uk∣∣+ ∣∣∂tbk∣∣+ ∣∣bk∣∣+ ∣∣∇pk∣∣ ∈ L9/8x L3/2t (Q 3a/4).
Then Lions–Aubin’s lemma ensures that there exists (v, b˜,q) such that for any a, T > 0 (up to subse-
quence),
5760 W. Wang, Z. Zhang / J. Differential Equations 252 (2012) 5751–5762uk → v, bk → b˜, in L3((−T ,0) × Ba),
uk → v, bk → b˜, in C([−T ,0]; L9/8(Ba)),
pk ⇀ q in L
3
2
(
(−T ,0) × Ba
)
,
as k → +∞. Hence by (4.1), we have∫
Q 1
|v|3 dxdt = lim
k→∞
∫
Q 1
∣∣uk∣∣3 = lim
k→∞
R−2k
∫
Q Rk
|u|3 dxdt  ε1. (4.6)
Moreover,
sup
−T<t<0
∫
R3
∣∣uk(y, t)∣∣3 dy + ∥∥bk∥∥L∞(−1,0;BMO−1)  c(C0),
and for any z0 ∈ (−T ,0] ×R3 and Rk|z0| 1/2, Lemma 3.1 gives
limsup
k→∞
D
(
pk,1/2, z0
)
 c(C0),
hence (v, b˜,q) satisﬁes
C(v, b˜; r, z0)+ D(q,1/2, z0)+ ‖v‖L3,∞((−T ,0]×R3)  c(C0), (4.7)
where 0< r < 1 and z0 ∈ (−T + 1,0] ×R3.
Due to u(x,0) ∈ L3(R3), then for any a > 0,∫
Ba
∣∣v(x,0)∣∣dx  c ∫
Ba
∣∣v(x,0) − uk(x,0)∣∣dx+ ∫
Ba
∣∣uk(x,0)∣∣dx
 c
∫
Ba
∣∣v(x,0) − uk(x,0)∣∣dx+ ca2 ∫
BaRk
∣∣u(y,0)∣∣3 dy
→ 0 as k → ∞,
which implies v(x,0) = 0 for a.e. x ∈R3. On the other hand, b(x,0) =∑nj=1 ∂ jU j with U j ∈ VMO(R3),
then for any ϕ ∈ C∞c (Ba), we have∣∣∣∣
∫
Ba
b˜(x,0)ϕ dx
∣∣∣∣  c
∫
Ba
∣∣b˜(x,0) − bk(x,0)∣∣dx+ ∣∣∣∣
∫
Ba
bk(x,0)ϕ dx
∣∣∣∣
 c
∫
Ba
∣∣b˜(x,0) − bk(x,0)∣∣dx+ R−3k
∣∣∣∣
∫
BaRk
U (y,0)(∇ϕ)(y/Rk)dy
∣∣∣∣
 c
∫
Ba
∣∣b˜(x,0) − bk(x,0)∣∣dx+ cR−3k
∫
BaRk
∣∣U (y,0) − UBaRk ∣∣dy
→ 0 as k → ∞.
This implies b˜(x,0) = 0 for a.e. x ∈R3.
W. Wang, Z. Zhang / J. Differential Equations 252 (2012) 5751–5762 5761In the following arguments, we follow the route as in [5]. By Lemma 3.3 and (4.7), there exists
R > 0 such that (v, b˜) is regular on R3 \ BR × [−T /2,0]. Hence |v|, |∇v|, |b˜|, |∇b˜| c by Theorem 3.3
in [12]. Hence,
∣∣(∂t −)b˜∣∣ c(|b˜| + |∇b˜|), in R3 \ BR × [−T /2,0],
then by backward uniqueness theorem of parabolic operator (see [7]), we can conclude that b˜ vanishes
in R3 \ BR ×[−T /2,0]. On the other hand, for almost every t0 ∈ (−T /2,0), (v(t0), b˜(t0)) ∈ L3(R3), and
by Proposition 2.5, we have (v, b˜) are smooth in R3 × (t0, t0 + δ) for some δ > 0. Hence by unique
continuation of parabolic operator, we conclude b˜ = 0 a.e. in R3 × (−T /2,0).
Consequently, v satisﬁes
(∂t −)v = −v · ∇v − ∇q, in R3 × (−T /2,0),
and let w = ∇ × v , then
(∂t −)w = −v · ∇w + w · ∇v.
Again using backward uniqueness and unique continuation of parabolic operator, we have w ≡ 0
in R3 × (−T /2,0). Then v = 0 in R3 × (−T /2,0), and we obtain v ≡ 0 in R3 × (−T /2,0), since
v ∈ L3,∞ . This is a contradiction with (4.6). 
Acknowledgments
Both authors thank helpful discussions with Professors Gang Tian and Liqun Zhang. The authors
are also grateful to referee’s valuable suggestions. Zhifei Zhang is partly supported by NSF of China
under Grants 10990013 and 11071007.
References
[1] L. Caffarelli, R. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the Navier–Stokes equations, Comm. Pure
Appl. Math. 35 (1982) 771–831.
[2] C. Cao, J. Wu, Two regularity criteria for the 3D MHD equations, J. Differential Equations 248 (2010) 2263–2274.
[3] Q. Chen, C. Miao, Z. Zhang, The Beale–Kato–Majda criterion to the 3D Magneto-hydrodynamics equations, Comm. Math.
Phys. 275 (2007) 861–872.
[4] Q. Chen, C. Miao, Z. Zhang, On the regularity criterion of weak solution for the 3D viscous Magneto-hydrodynamics equa-
tions, Comm. Math. Phys. 284 (2008) 919–930.
[5] H. Dong, D. Du, The Navier–Stokes equations in the critical Lebesgue space, Comm. Math. Phys. 292 (3) (2009) 811–827.
[6] G. Duvaut, J.-L. Lions, Inéquations en thermoélasticité et magnétohydrodynamique, Arch. Ration. Mech. Anal. 46 (1972)
241–279.
[7] L. Escauriaza, G.A. Seregin, V. Šverák, L3,∞ solutions to the Navier–Stokes equations and backward uniqueness, Russian
Math. Surveys 58 (2003) 211–250.
[8] C. He, Z. Xin, On the regularity of weak solutions to the magnetohydrodynamic equations, J. Differential Equations 213
(2005) 235–254.
[9] K. Kang, J. Lee, Interior regularity criteria for suitable weak solutions of the magnetohydrodynamics equations, J. Differential
Equations 247 (2009) 2310–2330.
[10] H. Koch, D. Tataru, Well-posedness for the Navier–Stokes equations, Adv. Math. 157 (2001) 22–35.
[11] F.H. Lin, A new proof of the Caffarelli–Kohn–Nirenberg theorem, Comm. Pure Appl. Math. 51 (1998) 241–257.
[12] A. Mahalov, B. Nicolaenko, T. Shilkin, L3,∞-solutions to the MHD equations, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat.
Inst. Steklov. (POMI) 336 (2006) 112–132.
[13] H. Politano, A. Pouquet, P.-L. Sulem, Current and vorticity dynamics in three-dimensional magnetohydrodynamic turbu-
lence, Phys. Plasmas 2 (1995) 2931–2939.
[14] G.A. Seregin, Estimate of suitable solutions to the Navier–Stokes equations in critical Morrey spaces, J. Math. Sci. 143 (2007)
2961–2968.
[15] M. Sermange, R. Teman, Some mathematical questions related to the MHD equations, Comm. Pure Appl. Math. 36 (1983)
635–664.
[16] W. Wang, Z. Zhang, Regularity of weak solutions for the Navier–Stokes equations in the class L∞(BMO−1), Commun. Con-
temp. Math., in press.
5762 W. Wang, Z. Zhang / J. Differential Equations 252 (2012) 5751–5762[17] W. Wang, Z. Zhang, On the interior regularity criteria for suitable weak solutions of the Magneto-hydrodynamics equations,
2011, preprint.
[18] J. Wu, Bounds and new approaches for the 3D MHD equations, J. Nonlinear Sci. 12 (2002) 395–413.
[19] J. Wu, Regularity results for weak solutions of the 3D MHD equations, Discrete Contin. Dyn. Syst. 10 (2004) 543–556.
[20] J. Wu, Generalized MHD equations, J. Differential Equations 195 (2003) 284–312.
[21] J. Wu, Regularity criteria for the generalized MHD equations, Comm. Partial Differential Equations 33 (2008) 285–306.
[22] Y. Zhou, Remarks on regularities for the 3D MHD equations, Discrete Contin. Dyn. Syst. 12 (2005) 881–886.
[23] Y. Zhou, Regularity criteria for the generalized viscous MHD equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 24 (2007)
491–505.
